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ABSTRACT individual p-norm minimization problems, based on a vertex condi-

. - ) tion of optimality to be derived.

;Izalznpsagfe; E(;eiirr]ltcse;frr::)?morgir:?rrrﬂczjzzz?nnmr%bslgarssivilt:ff r];'llé?rs by The approaches taken in [8] and in this work have parallels in the
q b 9 literature on sparse solutions of underdetermined systems of linear

yally dpcreasmg from towardo. _The Ie_lck'of_ C_onvexny fop < 1 equations. For example, in compressive sensing botlh-tierm [9]
is partially overcome by appropriately initializing each subproblem.

L. L . nd thep-norm forp < 1 [10] have been successfully applied, while
A necessary cpnc!mon of optlmallty IS plenved for .th.e subproblem 01flhe ideas of parameterized approximation and sequential optimiza-
p-norm minimization, forming the basis for an efficient local search

aloorithm. Examples demonstrate that the method is capable of rti_on in [11] are similar to those in this work. However, as discussed
9 i P p P Section 2, the filter design problem differs significantly from the

Sgt(:'or}gsgggﬁcgﬁg:;a(:h'ng the optimal level of sparsity for a 9VeNss1ution of underdetermined linear equations.
' In Section 2, the problem of sparse filter design is formulated.
Index Terms— Sparse filters, non-convex optimization, FIR dig- Section 3 discusses a method for designing sparse filters involving
ital filters. a sequence gf-norm minimizations. The problem gfnorm mini-
mization is analyzed in Section 4 and a necessary condition of opti-
1. INTRODUCTION mality is given. Section 5 summarizes both our algorithmpfoiorm
minimization and the overall design algorithm. The performance of

Reducing the computational complexity of discrete-time filters haghe algorithm is demonstrated through examples in Section 6.
inspired a wide variety of approaches, e.g. [1-4]. This paper &xus

on the design _of sparse FIR filters_, i.e., filters with rel_ati_vely_ few 2. PROBLEM FORMULATION

non-zero coefficients. Sparse designs allow for the elimination of

arithmetic operations corresponding to zero-valued coefficients, ange focus on the design of causal, linear-phase FIR filters of length

may be incorporated in cascade structures such as those in [1-3] ¢ | 1 for which the frequency response takes the form
yield even more efficient implementations. Sparsity is also of inter-

est in the closely related problem of designing linear sensor arrays. _ , M
Designing a filter with maximal sparsity subject to a set of spec- H() = e IwN/2 Z bnT(n,w),
ifications is computationally difficult. While the problem can be n=1

solved using integer programming methods (e.g. [5]), the associ-

ated complexity can be prohibitive for problems with many coeffi-whereM = [(N +1)/2], T'(n,w) is an appropriate trigonometric
cients. This has motivated research in efficient approximate methodgnction, and the coefficients, are simply related to the impulse
directed at obtaining reasonably sparse but not necessarily optimggsponse (see [12] for details). We rega¥das a fixed parameter
designs [6-8]. Of particular relevance to this work is [8], in which representing the maximum allowable number of delays, with the un-
the 1-norm of the filter coefficients is minimized as part of the designderstanding that the final design may require fewer tNeaelays if
algorithm. In the current paper, the approach of [8] is extended t&0efficients at the ends of the impulse response are zero.

the family of functions defined by We assume that the amplitudeEfe?*) is chosen such that the
maximum weighted error relative to the ideal frequency response
M 1/p Hg(e’*) is no greater than a desired toleradgei.e.,
bl = <Z|bn|”> (1)
n=1

M
W(w) Y baT(n,w) — Ho(e*)| <60 YweF, (2)
for 0 < p < 1. Itis convenient to refer tdb||, as ap-norm for all n—=1
p > 0 even though (1) defines a valid norm only fop> 1.

The p-norms have the desirable property of being an asympwhere W (w) is a strictly positive weighting function an# is a
totically exact measure of sparsity asipproaches zero. They do closed subset db, 7]. We approximate the infinite set of constraints
however pose their own difficulties for optimization as they are nonin (2) by a finite subset corresponding to closely spaced frequencies
convex forp < 1. To mitigate the lack of convexity, a sequential w1,w2, ... ,wk." As a result, (2) can be rewritten as a setdf
optimization procedure is proposed in whigtis slowly decreased linear inequalities in the coefficients, and consequently the set of
from 1 toward0. We present a simplex-like algorithm for solving the feasible coefficients is a polyhedron, to be denoted’by

This work was supported in part by the MIT William Asbjornsélbert in our experience, it is sufficient to sé&f ~ 10M and to distribute
Memorial Fellowship, the Texas Instruments Leadership UsityeProgram,  the frequencies, . . . ,wx uniformly overF to ensure that (2) is satisfied.
and BAE Systems PO 112991. This is consistent with guidelines reported in [6, 7].



We use as a measure of complexity the number of non-zero co- b2
efficients, which corresponds exactly to

®)

=1 P
Il = i I

feasible
region

with b = (b1, b2,...,ban). The function||b||o is often referred to
as the0-norm for convenience despite not being a true norm. The
problem of sparse filter design can be stated as

(4)

min ||b|lo.
beP

Problem (4) differs from the problem of obtaining a sparse so-
lution to an underdetermined system of linear equations. The latter
has the form

Hlxln HX”O (5) ‘8_‘ {:’ e Zl ball
st ex=y, A  ball,p < 1
with dim(y) < dim(x), i.e., fewer constraints than variables. This ¢ ball, g < p

contrasts with (4) in which the number of constrai2fs must be
much larger than the number of variablesin order to yield a good

approximation to (2). Moreover, the constraints in (5) are linear_| ) ) e .
equalities as opposed to inequalities. Fig. 1. Graphical representation of the minimization of varigus

norms. The circles and arrows indicate the path traced by the optimal

solutions.
3. DESIGN USING P-NORM MINIMIZATION

In this section, we outline an approach to designing sparse filters thgfnere; is an index for thep-norm subproblems and is slightly
involves a sequence @Fnorm minimizations with) < p < 1. Our |egs tharl. Forp(® = 1, (6) is a convex problem and can be solved
approach is based on the ability of thevorms to approximate the efficiently to yield a global minimum. Fgs® = «, one might ex-
0-norm arbitrarily closely as seen in (3). We are thus led to considepect that am-norm minimizer should be close in some sense to a
problems of the form 1-norm minimizer, and therefore the latter could be a promising ini-

(6) tialization for obtaining the former. Generalizing this idea, a solution
for values ofp approaching zero. We refer to a solution of (6) as a

to subproblem can be used to initialize subproblem- 1. We note

minimum p-norm solution, noting that the minimizer is not affected _that a_similar process .Of sequential optimization appears in [11]. It
by replacing|b|% with |[b]l,. is conjectgred tha_lt 3% is c_Io_s_e _eno_ugh ta, the sequence of solu-

To further motivate the use of thenorms, we discuss the two- tions obtalned.us.lr)g this initialization strategy will remain globally
dimensional example in Fig. 1. Consider first the case 1 in (6), optimal for a significant range of values.
as was done in [8]. The solution can be determined graphically by
constructing the smallegt ball, which has a diamond shape, that
intersects the feasible region, in this case at a vertex that does not
correspond to a sparse solution. Now consider the same minimiza? this section, we present a more detailed analysis of the optimiza-
tion for p < 1. As p decreases from, the boundaries of the” ball  tion problem in (6) withp € (0, 1], which is a recurring subproblem
curve inward and extend farther along the coordinate axes than théy the method outlined in Section 3. We first recast problem (6) into
do elsewhere. Consequently, the solutions tend toward the axes affl €quivalent form by expressing each coefficigntas the differ-

3 p
min [bll;

4. ANALYSIS OF P-NORM MINIMIZATION

eventually converge to the true sparsest solution.

The behaviour seen in the preceding example is formalized in

the following proposition.

Proposition 1. Let {p'”, ¢ = 0,1,...} be a sequence of positive
numbers converging to zero, and {b(¥'} be a sequence of optimal
solutions to the corresponding p‘* -norm minimization problems (6).
Then every limit point of {b(*} isa global minimum of the 0-norm
problem (4).

The proof is by contradiction and is omitted.
The problem ofp-norm minimization (6) can be difficult when

p < 1 since the objective function is non-convex. To mitigate the

lack of convexity, we propose solving a sequence-oiorm mini-

mizations as opposed to a single minimization, beginning with the
casep = 1 and decreasing gradually thereafter toward zero, e.g.

according to

i=0,1,..., )

ence between two non-negative variabtes_; andxzy,

m2n71207 x2n207 n:17~~~7M~

3 ®
Under the condition thats,, — 122, = 0 for all n, the representation
in (8) is unique and we also have

bn = T2n—-1 — T2n,

» M. ©)

|bn|:l’2n_1 +x2n, n=1,...

Using (8), (9) and (1), problem (6) can be transformed into

min  F(x)

M
st W(wk) | Y (#2n—1 — 220)T(n,wr) — Ha(e’**)| < da,
n=1

k=1,... K,

Ton—1 >0, x2, >0, n=1,..., M,

(10



where has decreased to an acceptably small valug, or when the solu-

M ) tion is deemed to have converged.

F() =3 (w2n-1+220)" (11) The casep = p° = 1 corresponds to a linear programming

n=t . . problem and hence any standard solver may be fiseatp < 1,
Problems (6) and (10) are equivalent in the sense that there is a onga propose a local search algorithm in which the search is restricted
to-one cqrrespondenqe between their respective optimal solutiong; ihe vertices of the feasible polyhedrén based on the optimality
The nonlinear constrainte,—1x2, = 0,7 = 1,..., M, aré not  csndition in Theorem 1. In each iteration, all vertices adjacent to the
needed because it can be shown that they are automatically satisfigghrent vertex solution are searched for lower values of the objective
by all optimal solutions of (10). Hence the feasible set for problemy,ction 7(x) in (11). If some of the adjacent vertices have lower
(10) is also a polyhedron, which we denoteByor convenience.  piaciive values, the algorithm moves to the vertex with the lowest

b Wlher;p =1 (10()1 isda Iinﬁar progrlaénm\ilcg problem an% €an yalue and the search continues. Otherwise the algorithm terminates.
e solved using standard techniques [13]. Whex 1, it can be The local search algorithm is similar to the simplex method for

verified thatF"(x) in (11) is a concave function, and therefdréx) linear programming in that it searches for lower function values by

attains a minimum at a vertex @? (see Prop. B.20 in [14]). The ,qing from one vertex to another along edges of the feasible poly-
vertex condition can be strengthened somewhat as stated in Theorgiyon. As a consequence, the algebraic characterization of ver-
1. Theorem 1 also generalizes the usual condition that holds at @ as and the procedure for moving between them are the same as in
local minimumx” (see [14]), the simplex method, and are omitted for this reason. The interested
VF(x) (x—x)>0 VxeP, (12) reader is referrerj to Iine_ar programming texts (g.g. [13]).

In our experience with the sequential algorithm, the number of
which may not apply in the case of problem (10) because the gradiemon-zero coefficients decreases more rapidlygforear1 and less
V F(x) is not defined everywhere. The generalization of (12) can beapidly asp decreases. Aroung = 0.1, the algorithm often con-
stated in terms of the following definitions: Given a local minimum verges to a solution that appears to be locally minimal for all smaller
x* of problem (10), defingV" and Z to be the sets of indices for ~ values ofp. To determine if additional coefficients can be set to zero
which z3,,_; + 25, > 0 andz3,_, + x5, = 0 respectively. For after convergence, we employ a re-optimization strategy loosely sim-
an arbitrary vectorx, denote byx the 2|A/|-dimensional vector ilar to the one in [8].

obtained by extracting fronx the componentsz,,_1, x2, for all Denote byZ the set of indices such that,, = 0 in the final
n € N. Let solution given by the sequential algorithm. The first step in the re-
» optimization is to minimize the maximum weighted error relative
Ey (xn) = Z (Z2n-1 + @20)" . to Hq(e’*) while constraining all coefficients with indices i to
neN zero. This constrained minimax optimization can be formulated as
Also definePy to be the restriction of to the hyperplane defined
by T2n—1 = T2n = 0; n e Zr i.e., I?’%Dn g
~ ~ M ]
Py = {XN |X € P; xop_1 =22n =0, n € Z}. st W(we) anT(n,wk) _ Hd(ejwk) <45 k=1,...,K,
n=1

Theorem 1 can now be stated as follows:
bn, =0, neZ.

Theorem 1. Let x* bealocal minimum of the problemin (10) with (13)
0 < p < 1. Then the following conditions hold:
©) Once an optimal solutioé™, b*) is obtained, the index: corre-
B sponding to the coefficiert;,, with the smallest magnitude is added
VEN (x3) (xv — %) >0 Yxn € Py, xp # X to Z, thus decreasing the number of non-zero coefficients, and (13)
is re-solved. The process of zeroing the smallest coefficient and re-
(b) x* isavertex of P. solving (13) continues until the maximum error exce&gsat which
point the last feasible solution is taken to be the final design.
The proof is omitted. The re-optimization is occasionally able to generate one or two

The vertex condition of optimality forms the basis for a simplex- additional zero-valued coefficients after thanorm algorithm con-
like algorithm, described in the next section, that is directed at solvverges. In addition, the re-optimized design almost always meets
ing the problem ofp-norm minimization in the casp < 1. We  the frequency response constraints with a non-zero margin, i.e., the
remark that Theorem 1 has the potential to be applied more broadlynaximum error is strictly less thaiy. Thus the final design usually
statement (a) holds as long as the feasible set is convex, and bahtisfies the constraints in (2) at all frequencies and not just at the
statements hold for any polyhedral feasible set. These results coutwnstrained frequencies, . . . ,wk.
be of use, for instance, in compressive sensing problems in which  The complexity of the overall algorithm is equivalent to a small
the measurement uncertainties are represented by linear inequalitig&imber ofA/-dimensional linear programs. The equivalent number
of linear programs depends on the number of subproblemsfe.g.
5. DESCRIPTION OF ALGORITHM 10 with @ = 0.98 andpmin = 0.01), but does not grow with\/.
The efficiency can be improved by exploiting the structure of the
Our overall algorithm for designing sparse FIR filters combines theonstraints in (2) in performing the required matrix inversions.
sequential procedure of Section 3 with an algorithmpf@rorm min-
imization to be described. For concreteness, we assume tet 270 facilitate the initialization of the next subproblem, tver should
creases according to (7). The sequential process terminatespwhemeturn a vertex solution, which is guaranteed to exist.




6. DESIGN EXAMPLES

In this section, we present a number of examples to illustrate the
potential of our algorithm. For all examples, we use= 0.98

and pmin = 0.01. The parameteN ranges from the number of
delays required by the minimum-length Parks-McClellan design to
1.25 times that number.

In Example 1, we compare the algorithm in this work to the
1-norm algorithm using the example presented in [8]. The specifi-
cations are as follows: passband edge® @b, stopband edge of
0.257, passband ripple a.01 (linear) and stopband ripple 6f1
(linear). The minimum-length Parks-McClellan design Bason-
zero coefficients in its impulse response and requitedelays. The
sparse design in [8] requirdd non-zeros ané4 delays. Using our
p-norm algorithm, the number of non-zeros is further reduced2to
with 63 delays. Fig. 2 compares the impulse responses correspond

ing to the Parks-McClellan design and the design produced by oura] vy, C. Lim
algorithm. The zero-valued coefficients in the sparse design tend to ’

occur at locations corresponding to small coefficients in the Parks-
McClellan design.

0.2

0.1

0

0.2

0.1

Fig. 2. Impulse responses corresponding to the Parks-McClellan de-

sign (top) and thep-norm design (bottom) for Example 1. Zero-
valued coefficients are marked by x’s.

We also compare our algorithm to an integer programming metho

which is guaranteed to produce maximally sparse designs, using twi
of the examples in [5]. Table 1 lists the specifications for both filters.

Table 2 summarizes the number of non-zero impulse response vdlt0]

example algorithm non-zeros delays
2 Parks-McClellan 48 47
integer programming 40 49
p-norm 43 50
3 Parks-McClellan 56 55
integer programming 44 57
p-norm 46 55

Table 2. Results for Examples 2 and 3.
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