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ABSTRACT

Therearenumerouscontextsin whichsystemsneedto buffer
multimediasignalcontent. If sucha buffer overflows, sig-
nal dataarelost in anuncontrolledmanner, which canlead
to largeend-to-enddistortions.However, if thequeuedsig-
nalsaredistortion-tolerant,overflows canbe avoided,and
significantperformancegainsrealized,by reducingthe fi-
delity of thesignalsin agradual,controlled,manner. Based
onideasof successive-approximationsourcecoding,wede-
sign an adaptive-buffering algorithm to minimize end-to-
enddistortion. This algorithmperformsnearlyaswell as
a performanceboundon all possiblealgorithms. Perhaps
mostimportantly, thealgorithm’s performanceremainsro-
bustacrossa wide rangeof (unpredictable)utilization rates
(input rate/outputrate).

1. INTRODUCTION

Considera finite-memoryqueuebufferingmultimediacon-
tentsuchasaudio,images,or video. If arrival ratesexceed
departureratesover a spanof time, the queuecould over-
flow becauseof memorylimitations. Theensuingdataloss
would resultin reducedend-to-endsignalreconstructionfi-
delity. In this paperwe considera strategy that lowersthe
fidelity at which signalsarestoredin the queuein a con-
trolled manner, freeingmemoryresourcesto avoid uncon-
trolled buffer overflows. This approachaimsto maximize
end-to-endfidelity.

Theseideasareapplicablein a wide rangeof contexts:
e.g.,ad-hocsensornetworks,multimediarouters,on-micro-
chip signaldistribution architectures.We exploit theavail-
ability of successive-approximationsourcecodes.However,
ratherthanfocusingonany of thenumerousspecificcoding
schemesin theliterature(e.g[1]), we insteadstartfrom the
underlyingbasictheory[2, 3]. This enablesus to develop
fundamentallimits on theperformanceof any buffering al-
gorithm,againstwhich specificalgorithmscanbetested.

In this paperwe focus on a single queueas shown in
Fig. 1. The input to the queueis a sequenceof unquan-
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Fig. 1. Componentsof a queuewith distortion-control.

tized(or finely-quantized)sourcesignals.Thesourcemod-
els we useare highly simplified in order to illustrate the
designtrade-offs mostclearly. More complex sourcesare
consideredin [4].

2. INPUT AND OUTPUT DATA STREAMS

The � th signalto arrive is �
	 , andthe �
	 areeachmodeledas�
-lengthsequencesof independentidentically distributed

(i.i.d.) zero-meanGaussianrandomvariablesof variance��� . The“normalized-quantization-rate” isdefinedas��������������� , where� �"!#� is thetotalmemorysize(bits). �$�%� is the
quantizationrate(bits/sample)whenall memoryresources
are usedto describea single observation (hence‘normal-
ized’).

Theinputdatastreamis modeledasaPoissonprocessof
rate & . In aninterval of ' seconds,&(' signalsareexpected.
At theoutput,packetsof �*),+.- bitsareemittedaccordingto
Poissonprocesswith rate /�)0+1- , sotheaveragetransmission
rateis �2)0+1-./�),+.- bits/sec.

The output datastreamis well describedby two pa-
rameters.The first is the numberof packet transmissions
neededto empty the memory. This “time-to-empty” con-
stantis definedas '
354 ) � � �6�"���798�: . Thesecondis the“packet-
normalized”utilization ratewhich measurestheratio of in-
put to outputrates:; )0+1- � <= 798": .

3. SUCCESSIVE-APPROXIMATION CODES

Successive-approximationsourcecodesarecomposedof >
orderedsubcodes,?@�BA0C,C0C0A#?(D , of rates�E��A0C,C0C
A1�$D , respec-
tively. Usingsubcodes?F�GA,C0C,C0A9?IH (whereJLKM> ), thesource
canbereconstructedto distortion NPO�Q H	6R%� � 	"S . Usingsuch
codes,thesourcecanbereconstructedprogressivelyaseach
subcodebecomesavailable,ratherthanhaving to wait until



thewholecodeis available. If a successive-approximation
sourcecodeisoptimalateachstep,i.e.,if NPO#T S is thedistortion-
ratefunctionfor thesource,it is calledasuccessive-refinement
sourcecode.

As an illustrationwe considerthecaseof theGaussian
sourcesignals, � 	 , introducedin Section1, undera mean-
squareddistortion (MSD) measure. Given any > rates,� � A0C,C0C0A1� D , usingsubcodes? � A0C,C0C,A9? H we candescribe� 	
towithin distortionNVUBQ H	6R%� �$	�WYX ���[Z[\ (]_^`6a[bdc ` . See[2,

3, 4] for moredetails.

4. NON-ADAPTIVE ALGORITHM

As a baseline,we describea non-adaptive algorithm that
doesnot exploit ideasof successive-approximationsource
coding. If any partof a non-successive sourcecodeis lost,
the sourcecodebecomescorruptedand thereforeuseless.
For this reasonthe ratesof the codesdescribingthe sig-
nalscannotbevarieddynamically. This typeof algorithmis
static;thedesignermustdecideapriori atwhatrateto quan-
tize eachsignal. As shown in [4], the optimal choiceis to
quantizethesignalsatequalrates.Given e 4f354 is chosenas
themaximumnumberof signalsthequeuecanhandleatany
onetime, eachsignalis quantizedat rate � �g!.�#h � e 4f354 X�$�%� h e@4f354 . At thisquantizationrate,theminimumachiev-
ableMSD (achievablefor large

�
) is ikjmlon1e@4f354qprX��� Z \ �sut bv.w@xyw . Becausethe decoderrequiresthe entirenon-

successivesourcecodebeforedecodingcanbegin, thenon-
adaptivealgorithmsendsits queuedsignalsoneat a time.
Non-Adaptive Algorithm:
0. Dividethememoryinto e 4f354 blocksof size � �g!.�1h e 4f354 .
1. If a packet is to be sent: include all bits relevant to a
particularcodeuntil thewholecodehasbeensent.
2. If a signal is receivedand(a) the queueis not full then
assignthesignalto oneof theavailablememoryblocks.The
signalis encodedatdistortion NzX � �uZ \  c t b5{}| w(xyw .
Otherwise(b) the queueis full. The new signalcannotbe
stored,is lost,andincursdistortion N_4 +#~ X ��� .

5. ADAPTIVE ALGORITHM

Theadaptivealgorithmconsistsof two sub-algorithmswith
parallelstructure. The first is an extractionalgorithmthat
prioritizessub-descriptionsfor inclusionin thenext packet.
In effect thisalgorithmconcatenatessub-descriptionsinto a
super-packet. Thesecondis a storagealgorithmthatdeter-
mineshow to shuffle memoryresourcesin orderto quantize
andstoreanewly receivedsignal.

Supposesignals � � A0C,C0C,A#�
� \ � have beenreceived and
stored. Define ��� 3 -1� 	 and �����B� 	 , ��X���A0C,C0C
A.����� , respec-
tively asthenumberof bitsdescribing� 	 alreadyat thedes-
tination(i.e.,alreadytransmittedby thequeue),andstill re-
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Fig. 2. Determinepacket contentsby “water-filling” to the
dashedline, which satisfiesQ � \ �	6R%�£¢ )0+1-.� 	¤X¥� ),+.- . Shaded
rectanglesindicate � � 3 -}� 	 andwhite rectangles� ����� 	 .
tainedin the queue.The descriptionrateof each �
	 at the
destinationis � 	 X¦��� 3 -}� 	§h � . Usingsuccessive-refinement
sourcecodes,theMSD at thedestinationis ikjml¨p�X�� \ � Q � \ �	mR�� ��� Z[\  c ` . Define ¢ ),+.-1� 	 tobethenumberof bits
from the encodingof signal � 	 , to be includedin the next
packet. Theorem1 givestheoptimalchoicefor the ¢ )0+1-1� 	 .
Theorem 1 (Determining¢ ),+.-1� 	 ) Let � 	 beasdefinedin Sec-
tion 1. Thea priori bit allocationsfor the �©�ª� signalsat
thedestinationandat thequeueare ��� 3 -.� 	 and ������� 	 , respec-
tively. Theoptimalchoicesfor the ¢ ),+.-1� 	 , are:¢ ),+.-}� 	«X£¬®6¯±°F¬³²�´�°¶µ@A � ®·m¸�¹»º Z · ¯ Z«¼B½¾� �<@¿ �2� � 3 -1� 	1À±A1� ���B� 	�À ,
where & is chosensothat Q � \ �	6R%�£¢ )0+1-.� 	 X£�*),+.- . Thea pos-
teriori bit allocationsare � � 3 -1� 	}Á Â 3§Ã XÄ� � 3 -1� 	�Å ¢ )0+1-1� 	 and� ����� 	}Á Â 3§Ã X�� ����� 	r� ¢ )0+1-}� 	 .
This methodfor determiningwhich bits are most useful
to transmitis akin to “water-filling” for coloredGaussian
channelsin channel-codingtheory, andis illustratedin Fig.2.

Suppose�
� is receivedandmustbe stored.Thea pri-
ori bit allocations,������� 	 , �LXÆ�dA0C0C,C
A#�V�M� upper-boundthe
a posterioribit allocationsin the queueafter � � hasbeen
received. Since,at most,all memoryresourcescanbe as-
signedto store � � , its a posterioribit allocationis upper-
boundedby � �g!.� ; therefore� ����� � XÆ� �"!#� . Define ¢ ����� 	 to
bethechangesin bit allocationsmadein orderto store � � .
Theorem2 givestheoptimalchoicefor the ¢ ����� 	 .
Theorem 2 (Determining¢ ����� 	 ) Let � 	 beasdefinedin Sec-
tion 1. The a priori bit allocationsfor the � signalsare��� 3 -}� 	 and ������� 	 . Theoptimalchoicesfor the ¢ ����� 	 , are: ¢ ���B� 	 X¬_m¯±°F¬³²B´Ç°¶µ(A}��� 3 -1� 	 ÅM������� 	 � � ®·m¸�¹Èº Z · ¯ ZÉ¼B½¾� �<@¿ ÀÇA}������� 	 À
where & is chosenso that Q �	mR�� O"������� 	 � ¢ ����� 	"S XÊ� �g!#� .
Thea posterioribit allocationsare ��� 3 -}� 	 Á Â 3§Ã X¥��� 3 -.� 	 and������� 	 Á Â 3§Ã X�������� 	 � ¢ ����� 	 .
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Fig. 3. Determinememoryreallocationsby “reversewater-
pouring” to thedashedline, which satisfiesQ � \ �	mR�� O"� ����� 	É�¢ ���B� 	 S Xß�*�g!#� . Shadedrectanglesindicate � � 3 -1� 	 andwhite
rectangles� ����� 	 .
This methodfor determiningbit allocationsis akin to “re-
versewater-pouring” for coloredGaussiansourcesin rate-
distortiontheory, andis illustratedin Fig. 3.
Adaptive Algorithm:
1. When decidingon the contentsof the next packet for
transmission:(a)Calculate¢ )0+1-}� 	 for all � accordingtoThm.1.
(b) Concatenatethemostsignificant ¢ ),+.-1� 	 bits of eachsig-
nal into thenext packetto betransmitted.(c) Increase� � 3 -1� 	 ,
anddecrease������� 	 , by ¢ ),+.-1� 	 .
2. When a new signal �
� is received, encodeit using a
successively-refinablesourcecode: (a) Calculate ������� 	 �¢ ���B� 	 for all � accordingto Thm. 2. (b) Reducethe queue
memoryallocated� 	 to ������� 	 � ¢ ���B� 	 . (c) Store �
� using������� �k� ¢ ���B� � bits.

Whenimplementingthis algorithm,thereis somegran-
ularity in ¢ )0+1-1� 	 and ¢ ����� 	 thatwe have sofar not takeninto
account. Basically, ¢ )0+1-}� 	 and ¢ ���B� 	 mustbe chosento be
integer multiplesof the bit-sizeof eachof the successive-
approximationsub-codes.Giventhereare > subcodes,the-
oretically �³àá>âà � . The resultspresentedin thenext
sectionassumethat > (andhence,

�
) is verylarge,sogran-

ularity effectsarenegligible.

6. ALGORITHMIC ANALYSIS

In [4] we derive boundson the distortionperformanceof
queuemanagementalgorithms.First,weshow alowerbound
on thenormalizedMSD achievableby any algorithmisikj6l¨p norm X ikj6l¨p� � ã Z \ dä 798�:5å�798�:æ�ç X Z \  sdt bè xyw 7}é5798�: C (1)

Second,in [4] weshow thattheperformanceof thenon-
adaptivealgorithmis: ikjmlon}e 4f354 p Â ! � 4 ãZ \ �s t bv w(xywëê �ì�í; | w(xywîyï ð�ì� ; | w@xywrñ �îyï ð ò Å O9�ì� ; îyï ð S ; | w(xywîyï ð�ì� ; | w@xyw¶ñ �îgï ð A (2)

where ; îyï ð , the “signal-normalized”utilization rate, is de-
fined as ; îyï ð � <=Bó6ô õ X�& ö xyw 7| w@xyw = 7#8": . The reciprocalof the
“signal-normalized”transmissionrate, � h / îyï ð , is the aver-
age time it takes the non-adaptive queueto transmitone
quantizedsignal. The two termsof (2) correspondto dis-
tinct sourcesof distortion. The first is quantizationnoise.
This noiseresultsfrom the finite memoryresourcesavail-
ableto describeeachsignal.Thesecondis overflow distor-
tion. Whenthequeueis full, receivedsignalsarelost, and
maximumdistortion( � � ) is incurred.

Furthermore,theperformanceof thenon-adaptivealgo-
rithm (2) is parameterizedby e@4f354 , but is afunctionof ; îyï ð .
Generally, the systemdesignermustchoosee(4f354 without
knowledgeof ; îgï ð . We define e@4f354 � ! ) � to bethe e@4f354 that
thedesignerwouldchoosegivenperfectknowledgeof ; îyï ð ,
i.e.,e@4f354 � ! ) �LX÷²�ø ¹ ¬_m¯| w@xyw ikjmlon1e@4f354¤p Â ! � 4úù ; )0+1- '
354 ) C (3)

Thesecondequalityis shown to hold, to first order, in [4].
Comparisonwith the definition of ; îgï ð shows that this is
the e 4f354 for which ; îgï ð XÄ� . Substituting(3) into (2) we
get a lower-boundon the unionof performancesacrossall
possiblenon-adaptivealgorithms.

Finally, simulationsconfirmthattheperformanceof the
adaptive memorymanagementsystemalwayslies between
theboundfoundby substituting(3) into (2), andthebound
on all algorithmsgivenby (1), which we rely on in these-
quel.

7. COMPARISON OF ALGORITHMS

In Fig. 4 typical performancecurvesfor thequeuemanage-
mentalgorithmsareplottedversus;u)0+1- . The lower bound
on the union of performancecurves of all possiblenon-
adaptive algorithms(dashedcurve), derived by substitut-
ing (3) into (2), is quitecloseto theboundonall algorithms
(solid curve) from (1). The adaptive algorithm’s perfor-
mancefalls betweenthesetwo curves. If ; ),+.- is known,
the non-adaptive algorithmcould be optimizedto the par-
ticular ; ),+.- , capitalizingon thecomputationalsimplicity of
that algorithm. The disadvantageof doing this is that the
performanceof the non-adaptive algorithmis quite fragile
anddependsmarkedlyon perfectknowledgeof ;d),+.- , aswe
discussfurtherbelow

Theperformancecurves(dottedcurves)of thethreenon-
adaptive algorithmsplotted in Fig. 4 have two distinct re-
gionsof operation:e 4f354£û e 4f354 � ! ) � and e 4f354kü e 4f354 � ! ) �
(or ; îyï ð û � and ; îyï ð ü � ). Theseare the ‘memory-con-
strained’and‘communication-constrained’regionsof oper-
ation, respectively. In the memory-constrainedregion the
distortionis dominatedby thefirst termin (2) — quantiza-
tion noise— which is invariantto changesin ;u)0+1- . In the
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Fig. 4. NormalizedMSD versus;u)0+1- , � ��� X¥�,µ�µ , ' 354 )_Xý µ . MSDs for e@4f354VX�þ�µ@A0�,µdµ(A Z µ�µ areplottedasdotted
curves. These e@4f354 are optimal for ; )0+1- Xâ�dC Z þIA Z CÿþIA1þ ,
respectively. The lower boundson all non-adaptive algo-
rithms and all algorithmsare plotted as dashedand solid
curves,respectively.

communication-constrainedregion the distortion is domi-
natedby the secondterm in (2) — memoryoverflow —
which is anincreasingfunctionof ;u)0+1- .

To quantify the superiorityof the adaptive algorithm,
we determinethe extra resourcesnecessaryfor the perfor-
manceof the non-adaptive algorithm (for e(4f354 fixed) to
matchtheperformanceboundonall algorithms(1). Match-
ing this boundguaranteesthattheperformanceof theadap-
tivealgorithmis alsomatched.Sincetheperformanceof the
adaptivealgorithmis quitecloseto theall-algorithmbound,
this gives a good senseof the superiorityof the adaptive
algorithm. This analysisis donein [4] andthe resultsare
plottedin Fig. 5.

In the memory-constrainedregion, � �"!#� must be in-
creaseto � 4f354 � �g!.� (solid curve) for thenon-adaptiveper-
formanceto matchthe bound. In the communication-con-
strainedregion, the communicationrate /�)0+1- must be in-
creaseto �u- !14 /�),+.- (dotted,dash-dottedanddashedcurves)
for thenon-adaptiveperformanceto matchthebound.The
factors�[4f354 and � - !14 canbe shown to be: �u4f354¥X ��}ó6ô õ ,
and � - !.4zX ; îyï ð º � \ �� ½ sut b�� v1w(xyw é ó6ô õ� \  � ½ sut b�� v1w(xyw ¿ . Clearly, the choice

of e 4f354 controlstheperformanceof thenon-adaptivealgo-
rithm.

If an incorrect e(4f354 is chosenfor a given ; îyï ð (or ; îyï ð
changesor is unknown), the performancerelative to the
adaptivealgorithmdeclinesquickly, andsignificantly. This
indicatesthat the non-adaptive algorithm is quite fragile,
comparedwith the adaptive one. In the communication-
constrainedregionthis fragility becomesevenmoremarked
for decreasinge 4f354 . As e 4f354 is decreased,the signal

10
−2

10
−1

10
0

10
1

10
2

10
0

10
1

10
2

10
3

10
4

R
es

ou
rc

e 
In

cr
ea

se
 fo

r 
E

qu
iv

. P
er

f. 
(%

)

Signal−normalized Utilization Factor: ρ
sig

 = ρ
pac

 τ
emp

 / κ
mem

κ
mem

 = 50
κ

mem
 = 100

κ
mem

 = 200

Fig. 5. Thepercentageby which systemresourcesmustin-
creaseso thatnon-adaptivealgorithmperformanceis guar-
anteedto matchadaptive algorithm performancefor fixed�	��
�������

, ������� �����
, and ������� �����! "�"���� �#����

.

quantizationrate increases,but communicationresources
are limited, so buffer overflows becomemorelikely. This
effectisshown for threechoiceof ������� (dotted,dash-dotted
anddashedcurves)in Fig. 5.

8. EXTENSIONS

In thispaperwehaveassumedthatthesignalsarequantized
usinga successive-refinementcode,that all sourcesignals
arewhite, andthat thereareno delayconstraints.We de-
veloptoolsto relaxthefirst assumptionin [5], we relaxthe
secondin [4], andfocuson relaxingthethird in currentre-
search.
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