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ABSTRACT

A promisingclassof nonlinearmultiuserdetectorsis introduced
for CDMA systems.These“iterated-decision”multiuserdetectors
useoptimizedmultipassalgorithmsto successively cancelmultiple-
accessinterference(MAI) from receiveddataandgeneratesymbol
decisionswhosereliability increasesmonotonicallywith eachit-
eration.They significantlyoutperformdecorrelatingdetectorsand
linear minimum mean-squareerror (MMSE) multiuserdetectors,
but have the sameorderof computationalcomplexity. Whenthe
ratio of thenumberof usersto thespreadingfactoris below a cer-
tainthreshold,iterated-decisionmultiuserdetectorsasymptotically
achieve theperformanceof the“optimum” multiuserdetector, i.e.,
maximum-likelihood(ML) decoding.

1. INTRODUCTION

A variety of multiuserdetectorshave beenproposedfor CDMA
channelsover the lastdecadeanda half assolutionsto the prob-
lem of mitigating multiple-accessinterference(MAI) [1]. Ex-
amplesincludesingle-usermatchedfilter receivers,decorrelating
detectors,minimum mean-squareerror (MMSE) linear multiuser
detectors,decision-feedbackmultiuserdetectors,successive can-
cellers,andmultistagedetectors.Optimummaximum-likelihood
(ML) detection,while superiorin performance,is not a practical
optionbecauseof its high complexity.

In thispaper, weintroduceaclassof remarkablyefficientmul-
tipassmultiuserdetectorsthat is a particularlyattractive alterna-
tive to conventionaldetectors. Thesenew detectors,which can
berelatedto theiterated-decisionequalizersdevelopedin [2], are
structurallysimilar to multistagedetectors[3] in that they both
generatetentative decisionsfor all usersat eachiterationandsub-
sequentlyusetheseto cancelMAI at thenext iteration. However,
unlike theheuristicallymotivatedmultistagedetectors,thesenew
iterated-decisionmultiuserdetectorstake into accountthereliabil-
ity of tentativedecisionsandareoptimizedto maximizethesignal-
to-interference+noise(SINR) ratio ateachiteration.Weshow that
thesenew detectorscanachieve asymptoticallyoptimumperfor-
mancewhile retainingsurprisinglylow complexity.

2. CHANNEL MODEL

For the purposesof illustration (and to simplify exposition), we
considera � -userdiscrete-timesynchronouschannelmodel,where
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the � th usermodulatesan � -ary PSKsymbol ��� ontoa randomly
generatedsignaturesequence�	��

� ��������� , ����� ��� , ����� , ����� ������� of
length � assignedto that user, where the tapsof the sequence
aremutually independent,zero-mean,complex-valued,circularly
symmetricGaussianrandomvariableswith variance�! "� . There-
ceivedsignalis # 
%$'&)(+*-,'. (1)

where $/
0� �2143�565�543 �879� is the �;:<� matrix of signatures,&=
?>A@CB4DAE4F 1 .�������.�F 7HG is the �
:I� diagonalmatrix of re-
ceivedamplitudes,(J
K� � 1 .L�NM4.����6��.�� 7 � � is the �O:P� vectorof
datasymbols,and , is a � -dimensionalGaussianvectorwith in-
dependentzero-mean,complex-valued,circularlysymmetriccom-
ponentsof varianceQSR .
3. THE ITERATED-DECISION MULTIUSER DETECTOR

Theiterated-decisionmultiuserdetectorwenow developprocesses
thereceiveddatain aniterative fashion.Specifically, duringeach
iterationor “pass,” thereceiveddatais premultipliedby a matrix,
andtentativedecisionsmadein thepreviousiterationarethenused
to constructandsubtractoutanestimateof theMAI. Theresulting
MAI-reduceddatais thenpassedonto aslicer, whichmakesanew
setof tentative decisions.With eachsuccessive iteration,increas-
ingly refinedharddecisionsaregeneratedusingthisstrategy.

Thestructureof theiterated-decisionmultiuserdetectoris de-
pictedin Fig. 1, with theparametersof all systemsandsignalscor-
respondingto the T th passdenotedusingthesuperscriptT . On theT th passof theequalizerwhereTU
V�".��W.�XW.������ , thereceivedvector#

is first premultipliedby a �K:Y� matrix Z\[C]^
_� `	[ 1 3�5�5�543 `8[7 ��a ,
producingthe �b:c� vector d# [ 
%Z [ ] # . Next, anappropriatelycon-
structedestimateef [ of theMAI issubtractedfrom d# [ toproduced( [ ,
i.e., d( [ 
gd# [Nh ef [ where ef [ 
ji [ ] e( [�k 1 with i [ 
l� m [ 1 3�5�565!3 m [ 7 � ,
a �n:P� matrix. Since ef [ is intendedto be somekind of MAI
estimate,werestrictattentionto thecasein which thediagonalel-
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Fig. 1. Iterated-decisionmultiuserdetectorstructure.



ementsof io[ arezero. Finally, a bankof slicersthengenerates
the �l:P� vectorof harddecisionse( [ from d( [ usinga minimum-
distancerule.

When ( and e(p[�k 1 arevectorsof zero-meanuncorrelatedsym-
bols, eachwith energy qsr , suchthat their normalizedcorrelation
matrix is of theformt � (o5 e( [�k 1 ]��qsr u%v [�k 1xw
%>A@CB"DAE�y [�k 11 .Ly [�k 1M .����6��.Ly [�k 17 G . (2)

thentheslicer input for the � th userat the T th iterationcanbeex-
pressedas d� [� 
z` [C]� � � F � � � *-{ [� (3)

where{ [� is complex-valued,marginally Gaussian,zero-mean,and
uncorrelatedwith � � , whosevarianceis a functionof ` [� and m [� .

The secondordermodel (3) turnsout to be a usefulonefor
analyzingandoptimizingtheperformanceof theiterated-decision
multiuserdetector. In particular, during the T th pass,theSINR at

eachslicer input, definedas | [��} ` [� .�m [��~ 

qWr"3 ` [C]� �9��Fx��3 M  !��B!��{ [�
for �9
��".��W.����6��.�� , achievesa maximumvalueof [4]

| [� 
�� �} � �H*-� [ � k 1 ~ �C� h ���<5 �� h 3 y [�k 1� 3 M (4)

when1Z [x� � QSR��H*-qWr6$'& } � h v [�k 1 v [�k 1 ] ~ & a $ a � k 1 $S& (5)i [ 
 v [�k 1 ]!� Z [C] $'& h >A@CB"DN� } Z [C] $'& ~ 1�1 .�������. } Z [C] $'& ~ 7p7s��� a . (6)

where��[N
%q r } � h v [�k 1 v [�k 1 ] ~ &Sa�$ba�$'&S �Q R and � is theidentity
matrix.

This result for m [� is intuitively satisfying. If e��[�k 1� 
���� so

that ys[�k 1� 
g� , thentheinnerproduct m [ ]� e( [�k 1 exactly reproduces
the MAI componentof d� [� . More generally, ys[�k 1� describesour
confidencein the quality of the estimate e� [�k 1� . If e� [�k 1� is a poor
estimateof � � , then y [�k 1� will in turnbelow, andasmallerweight-
ing is appliedto the MAI estimatethat is to be subtractedfromd� [� . On theotherhand,if e� [�k 1� is anexcellentestimateof ��� , thenys[�k 1� u � , andnearlyall of theMAI is subtractedfrom d� [� . Note
thatthediagonalof iS[ is indeedzero,asstipulatedpreviously.

Somecommentscanbemadeaboutthespecialcaseof TU
V� .
During the first pass,MAI subtractionis not performedbecausev R 
�� , so the vector e( R doesnot needto be defined. More-
over, thematrix Z 1 reducesto anexpressionfor thelinearMMSE
multiuserdetector. Thus,theperformanceof theiterated-decision
multiuserdetector, after just one iteration, is identical to that of
the linear MMSE multiuserdetector. In Section4, we show that
the iterated-decisionmultiuserdetector, after multiple iterations,
performssignificantlybetterthanthelinearMMSE detector.

Next, thepropertiesof { [� suggestthattheprobabilityof sym-
bol errorfor the � th userat the T th iterationcanbeapproximatedby
the high signal-to-noiseratio (SNR) formula for the � -ary PSK
symbol error rate of a symbol-by-symbolthresholddetectorfor
additive white Gaussiannoise(AWGN) channels,givenby [5]� � }�� [ ~ 
��A���6��@��'���� �¢¡ �!| [ � . (7)

1Usingamatrix identity, wemayalternatively write£ [�¤P¥^¦+§ ¨ R�©UªS« r"¬ ©8­o® [�k 1 ® [�k 1 ]�¯ ¦°a6¥^a�¥\¦²±³k 1�´
whichmaybeeasierto evaluatedependingon µ and ¶ .

where � } { ~ 
 1· ML¸°¹»º¼
½ k�¾�¿6À M6ÁÃÂ . For thespecialcaseof QPSK
( �Ä
�Å ), theexactprobabilityof symbolerrorat the T th iteration
is givenby [5]� � }�� [ ~ 
O� � ¡ | [ � � � h � � ¡ | [ � � � (8)

For thecaseof accuratepowercontrol,i.e., &K
�Fx� so v [�k 1 
y [�k 1 � ), in the large systemlimit ( �
ÆÈÇ with É w
 �� "� held
constant),the SINR in (4) for eachuserconvergesin the mean-
squaresenseto [4]

| [ 
ËÊ �� hKÌ�ÍÎLÏ 56Ð } �� !Ñ [ .�É ~ h ��Òb5 �� h 3 y [�k 1 3 M (9)

whereÐ }³Ó .�Ô ~ 
 } ¡ ÓU} �2*ÖÕ Ô ~ M *z� h ¡ ÓN} � h Õ Ô ~ M *%� ~ M and�! �Ñ [ 
%qWr } � h 3 y [�k 1 3 M ~ 3 F\3 M  �QSR . Theiterativealgorithmfor com-
putingthesetof correlationcoefficients y [ , andin turn predicting
thesequenceof symbolerrorprobabilitiesis asfollows.

1. Set y R 
%× andlet TN
j� .
2. ComputetheSINR | [ from y [�k 1 via (9). [It is worthpoint-

ing outthatfor systemswith few users,wecanalternatively
(andin somecasesmoreaccurately)compute|N[ from ys[�k 1
via (4).]

3. Compute
� � }�� [ ~ from |N[ via (7).

4. Computey [ via theapproximation[4]y [ u � h �8��@C� M �°��_� � � }�� [ ~ � (10)

5. IncrementT andgo to step � .
In thespecialcaseof QPSK,it canbeshown thatthealgorithmcan
bestreamlinedby eliminatingStep3 andreplacingtheapproxima-
tion (10) with theexactformulay [ 
j� h �s��� ¡ | [ � � (11)

4. PERFORMANCE

In thissection,we focusexclusively on thecaseof accuratepower
control.

FromSteps2 and3 of thealgorithm,weseethat
� � }�� [ ~ canbe

expressedas
� � }�� [ ~ 
_Ø }�Ù .ÚÉ2.Ly [�k 1 ~ , where Ø } 5�.�5�.�5 ~ is a mono-

tonically decreasingfunction in both SNR �! Ù and correlationys[�k 1 , but a monotonicallyincreasingfunction in É . The mono-
tonicity of Ø } 5�.�5�.�5 ~ is illustratedin Fig. 2 wherethe solid curves
plot Ø }�Ù .LÉH.Ly ~ asa functionof �� } � h y ~ for variousvaluesof É .
Meanwhile,from Step4 of thealgorithm,we seethatwe canalso
express

� � }�� [ ~ as
� � }�� [ ~ 
%Û } y [ ~ , whereÛ } 5 ~ is amonotonically

decreasingfunctionof y [ . Thedashedline in Fig. 2 plots Û } y ~ as
a functionof �! } � h y ~ .

For a given �! Ù and É , the sequenceof error probabilities� � }�� [ ~ and correlationcoefficients ys[ can be obtainedby start-
ing at the left endof the solid curve (correspondingto y R 
�× )
and then successively moving horizontally to the right from the
solid curve to the dashedline, andthenmoving downward from
the dashedline to the solid curve. Each“step” of the resulting
descendingstaircasecorrespondsto onepassof themultiuserde-
tector. In Fig. 2, thesequenceof operatingpointsis indicatedon
thesolidcurveswith the Ü symbols.

That the sequenceof error probabilities
� � }�� 1 ~ . � � }�� M ~ .��6���

obtainedby the recursive algorithm is monotonicallydecreasing



suggeststhat additional iterationsalways improve performance.
The error rateperformancefor a given SNR of �� Ù anda givenÉ eventuallyconvergesto a steady-statevalueof

� � }�� º ~ , which
is theuniquesolutionto theequation� � }�� º ~ 
%Ø }�Ù .LÉH.�Û k 1 } � � }�� º ~�~�~ . (12)

correspondingto theintersectionof thedashedline andtheappro-
priatesolidcurve in Fig. 2.

If É is relatively small, Fig. 2 suggeststhat steady-stateper-
formanceis approximatelyachieved with comparatively few it-
erations,afterwhich additionaliterationsprovide only negligibly
small gainsin performance.This observation can also be read-
ily madefrom Fig. 4, wherebit-error rateis plottedasa function
of SNRperbit for ��.���.�Xs.�Ý , andan infinite numberof iterations,
with Éb
�×W� Þ�Þ . It is significantthat,for small É , few passesarere-
quiredtoconvergeto typicaltargetbit-errorrates,sincetheamount
of computationis directlyproportionalto thenumberof passesre-
quired;we emphasizethat the complexity of a singlepassof the
iterated-decisionmultiuserdetectoris comparableto that of the
decorrelatingdetectoror thelinearMMSE multiuserdetector.

As É increases,Fig. 2 shows that the gapbetweenthe solid
curve andthedashedcurve decreases.Thusthe“steps”of thede-
scendingstaircasegetsmaller, andthereis asignificantincreasein
thenumberof iterationsrequiredto approximatelyachievesteady-
stateperformance.Moreover, the probability of error at steady-
statebecomesslightly larger.

When É is greaterthansomeSNR-dependentthreshold,not
only can(12)have multiple solutions,but oneof thesolutionsoc-
curs at a high probability of error, as illustratedby the curve in
Fig. 2 correspondingto ÉÖ
gÅ . Thedependenceof the threshold
onSNRis shown in Fig. 5. As theSNRincreases,the É threshold
increasesandthecurve becomesmuchsharperat thethreshold.

In Fig. 6, we comparethe theoreticalandsimulatedbit-error
ratesof the iterated-decisionmultiuserdetectorwith thebit-error
ratesof variousother multiuserdetectorsas a function of SNR,
with ÉY
�� andpowercontrol.Theiterated-decisionmultiuserde-
tectorsignificantlyoutperformstheotherdetectorsat moderateto
highSNR,andasymptoticallyapproachesthematchedfilter bound
for thesingle-userchannel.Thus,perfectMAI cancellationis ap-
proachedathigh SNR.

Next, in Fig. 7, we comparethe effect of É on the bit-error
ratesof thevariousmultiuserdetectorswhendecoding�ß
_�!�4à
simultaneoususersat anSNRperbit of 7 dB with power control.
The iterated-decisionmultiuserdetectorhasclearly superiorper-
formancewhen Éâá�� .

5. CODED AND ADAPTIVE IMPLEMENTATIONS

For codedsystems,aniterated-decisionmultiuserdecoderis read-
ily obtained(Fig. 3), andtakesa form analogousto the iterated-
decisionequalizer-decoderstructuredescribedin [2]. The data
streams� � � ãN� , �o
ä��.���.�������.�� of the � usersare encodedus-
ing separateencoders,and the correspondingstreamsof coded
symbolscan be thought of as rows of a �Ë:Öå matrix æç 
� æ(H������365�5�543 æ(2� åo��� . The receiver obtainsa set of vectors,one for
eachsymbolperiodhaving theform# � ã��N
�$'&â� ã�� æ(2� ã��s*-,b� ãN� for ãS
V�".��W.��6����.�å . (13)

At the receiver, the � :èå matrix of the received vectors, é�
� # ���6��3�5�5�5!3 # � åo��� , is processedin an iterative fashion.Each �K:J�
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Fig. 2. Theoreticaliterated-decisionmultiuser detectorperfor-
mance,with power control. The solid curvesplot QPSKsymbol
error rate as a function of the correlationcoefficient y for vari-
ousvaluesof Éâ
%�� "� , with anSNRperbit of 7 dB. Along each
curve, Ü ’s identify thetheoreticallypredicteddecreasingerrorrates
achievedwith T	
ß�".��W.��6��� decodingpasses,andtheintersections
with thedashedline arethesteady-statevalues( TNÆêÇ ).

column of é , which representsa particularsymbol period, can
be processedindependentlyto producea �
:%� column of the
matrix dç [x
Ë�ëd(9[�������365�5�5!3�d(p[Ú� åo��� . Each �+:På row of the matrixdç [ , correspondingto thedatafor a particularuser, is theninput to
a soft-decisionML decoder, which producesa row in the �l:bå
matrix eç [ 
n� e( [ ���6��365�5�5!3 e( [ � åo��� , the tentative decisionsfor the �
users.Thesetentative decisionsmustbe re-encodedbeforebeing

processedby thematrix i [ ] � ã�� .
Adaptiveimplementationscanlikewisebedevelopedin aman-

neranalogousto thosedescribedin [2] and[1, 6].
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