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ABSTRACT

A promisingclassof nonlinearmultiuserdetectorss introduced
for CDMA systemsThese'iterated-decision'multiuserdetectors
useoptimizedmultipassalgorithmso successiely canceimultiple-
accessnterferencdMAI) from receveddataandgeneratesymbol
decisionswhosereliability increasesnonotonicallywith eachit-
eration.They significantlyoutperformdecorrelatingletectorsand
linear minimum mean-squarerror (MMSE) multiuserdetectors,
but have the sameorderof computationatompleity. Whenthe
ratio of thenumberof usersto the spreadingactoris belav a cer
tainthresholdjterated-decisiomultiuserdetectorasymptotically
achieve the performancef the“optimum” multiuserdetectori.e.,
maximume-likelihood(ML) decoding.

1. INTRODUCTION

A variety of multiuserdetectorshave beenproposedor CDMA
channelsover the lastdecadeanda half assolutionsto the prob-
lem of mitigating multiple-accessnterference(MAI) [1]. Ex-
amplesincludesingle-usematchedfilter recevers, decorrelating
detectorsminimum mean-squarerror (MMSE) linear multiuser
detectorsdecision-feedbacknultiuserdetectors successie can-
cellers,and multistagedetectors.Optimummaximum-likelihood
(ML) detectionwhile superiorin performanceis not a practical
optionbecausef its high compleity.

In this paperwe introducea classof remarkablyefficientmul-
tipassmultiuserdetectorsthat is a particularly attractve alterna-
tive to corventional detectors. Thesenew detectors,which can
berelatedto the iterated-decisiorqualizergdevelopedin [2], are
structurally similar to multistagedetectors[3] in that they both
generataentative decisiongor all usersat eachiterationandsub-
sequentlyusetheseto cancelMAI atthe next iteration. However,
unlike the heuristicallymotivatedmultistagedetectorsthesenewv
iterated-decisiomultiuserdetectorgake into accounthereliabil-
ity of tentatize decisionsandareoptimizedto maximizethesignal-
to-interference+nois€SINR) ratio at eachiteration. We shav that
thesenew detectorscanachieve asymptoticallyoptimum perfor
mancewhile retainingsurprisinglylow compleity.

2. CHANNEL MODEL

For the purposesof illustration (andto simplify exposition), we
consider P-userdiscrete-timesynchronoushannemodel,where

This work hasbeensupportedn partby Qualcomm,Inc., the Army
ResearchLaboratoryunderCooperatie AgreementDAAL01-96-2-0002,
andSandersa Lockheed-MartinCompary.

theith usermodulatesan M -ary PSKsymbolz; ontoarandomly
generatedsignaturesequencdy; = [h;[1], h;[2], . . ., hi[Q]]T of
length Q assignedo that user wherethe taps of the sequence
aremutually independentzero-meancomple-valued,circularly
symmetricGaussiamandomvariableswith variancel /@Q. There-
cewvedsignalis

r=HAx+w, Q)
whereH = [hy|---|hp] is the @ x P matrix of signatures,
A = diag{Ai,...,Ap} is the P x P diagonalmatrix of re-
ceivedamplitudesx = [z1, 22, ...,zp]” isthe P x 1 vectorof
datasymbols,andw is a Q-dimensionalGaussiarvectorwith in-
dependentero-meancomple-valued circularly symmetriccom-
ponentsof varianceN.

3. THEITERATED-DECISION MULTIUSER DETECTOR

Theiterated-decisiomultiuserdetectomve now developprocesses
thereceved datain aniterative fashion. Specifically duringeach
iterationor “pass, the receved datais premultipliedby a matrix,
andtentatve decisiongnadein thepreviousiterationarethenused
to constructandsubtracbut anestimateof theMAI. Theresulting
MAI-reduceddatais thenpasse@nto aslicer, whichmakesanewn
setof tentatve decisions.With eachsuccessie iteration,increas-
ingly refinedharddecisionsaregeneratedisingthis strateyy.
Thestructureof theiterated-decisiomultiuserdetectoris de-
pictedin Fig. 1, with theparametersf all systemsandsignalscor
respondingo thelth passdenotedusingthe superscripf. Onthe
lth passof theequalizemwherel = 1,2, 3, .. ., therecevedvector

r is first premultipliedby a P x Q matrix B!' = [b!|- --|bb]t,
producingthe P x 1 vectori! = B''r. Next, anappropriatelycon-
structedestimate’ of theMAI is subtractedrom & to producex’,
e, % =# — 3 wherez' = D' %!~ with D! = [d!]--- |d}],
a P x P matrix. Sincez is intendedto be somekind of MAI
estimatewe restrictattentionto the casein which thediagonalel-
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Fig. 1. Iterated-decisiomultiuserdetectorstructure.



ementsof D! arezero. Finally, abankof slicersthen generates
the P x 1 vectorof harddecisionsk’ from %' usinga minimum-
distanceule.

Whenx andx!~! arevectorsof zero-meamncorrelatecgsym-
bols, eachwith enegy £, suchthattheir normalizedcorrelation
matrix is of theform

Blx- %] _

TP Al @

' £ diag{pl 05

thenthe slicerinput for the ith userat the Ith iterationcanbe ex-
- t
pressedis wi _ bé hi Az + vﬁ 3)
whereu! is comple-valued,mamginally Gaussianzero-meanand
uncorrelatedvith z;, whosevarianceis afunctionof b, andd’.
The secondorder model (3) turnsout to be a useful onefor

analyzingandoptimizingthe performancef theiterated-decision
multiuserdetector In particular during the lth pass,the SINR at

eachsllcerlnput definedas~!(b!, d}) = £,|bL h;4;|?/var v!
fori =1,2,..., P, achizesamaximumvalueof [4]

I 1 _ . 1
%_(([I+al]‘1)n 1) 1= |p "2 “

B' o [NoI +EHA(L -

whert
1 1 l IT)ATH] 1HA (5)

+
D' = pl—”[B”HA— diag{(B HA)11, ...,(B”HA)PP}] ,(6)
wherea! = £,(I-p'~'p'="" ) ATHTHA /A, andI is theidentity
matrix.

This resultfor d! is intuitively satlsfylng If & = z; SO

thatp!~" = 1, thentheinnerproductd’' &'~ exactly reproduces
the MAI componentof 7. More generally ,ol*1 describesour
confidencen thequallty of the estimatez:™*. If !~ is a poor
estimateof z;, thenp! ™" will in turn below, andasmallervveight-
ing is appliedto the MAI estimatethat is to be subtractedrom

. Ontheotherhand,if .~ is an excellentestimateof xi, then
pi ! ~ 1, andnearlyall of the MAI is subtractedrom #;. Note
thatthe diagonalof D' is indeedzero assupulatedora/lously

Somecommentsanbe madeaboutthe specialcaseof | = 1.
During the first pass,MAI subtractionis not performedbecause
p® = 0, sothevectorx° doesnot needto be defined. More-
over, thematrix B! reducego anexpressiorfor thelinearMMSE
multiuserdetector Thus,the performancef theiterated-decision
multiuserdetector after just oneiteration, is identical to that of
the linear MMSE multiuserdetector In Section4, we shawv that
the iterated-decisiormultiuserdetector after multiple iterations,
performssignificantlybetterthanthe linear MMSE detector

Next, the propertiesof v} suggesthatthe probability of sym-
bol errorfor theith useratthelth iterationcanbeapproximatedy
the high signal-to-noisaatio (SNR) formula for the M-ary PSK
symbol error rate of a symbol-by-symbolthresholddetectorfor
additive white Gaussiamoise(AWGN) channelsgivenby [5]

Pr() =20 (sm(M) \/27) (7)

1Usinga matrix identity, we mayalternatvely write

All

B! x HA[NoI + &(I — p'~1p!~ 1 ATHIHA]!

which maybeeasierto evaluatedependingon P and Q.

whereQ(v) = —i= e~**/24t. For the specialcaseof QPSK
(M = 4), the a<actprobabllltyof symbolerroratthelth iteration

is givenby [5]
Pr(e) = @ (V) [2- e (V)] ®)

Forthecaseof accuratgpowercontrol,i.e., A = Al sop'~! =

o'~ 1), in the large systemlimit (P — oo with 8 £ P/Q held
constant) the SINR in (4) for eachuserconvergesin the mean-
squaresenseo [4]
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whereF (y, z) = (\Vy(1 + v2)2 + 1—/y(1 — v/z)2 + 1)* and
1768 = &,(1 |pl L3412 /No. Thelteratwealgorlthmfor com-
puting the setof correlationcoeficientsp', andin turn predicting
thesequencef symbolerrorprobabilitiesis asfollows.

1. Setp® = 0 andlet! = 1.

2. Computethe SINR~' from p'~1 via (9). [It is worth point-
ing outthatfor systemsvith few userswe canalternatvely
(andin somecasesnoreaccuratelycomputey’ from p!=!
via (4).]

3. ComputePr(e)from7 via (7).

4. Computep! via theapproximatior{4]

o1 _own2 (T 1
p ~1—2sin (M)Pr(e). (10)

5. Increment andgoto step2.

In thespecialkcaseof QPSK, it canbeshavn thatthealgorithmcan
bestreamlinedy eliminatingStep3 andreplacingtheapproxima-
tion (10) with theexactformula

p=1-20 (W) . (11)

4. PERFORMANCE

In this sectionwe focusexclusively onthe caseof accuratepowner
control.

FromSteps2 and3 of thealgorithm,we seethatPr(e') canbe
expressedasPr(e!) = G(¢, B, p 1), whereG(., -, -) is amono-
tonically decreasingunction in both SNR 1/¢ and correlation
p'~t, but a monotonicallyincreasingfunctionin 8. The mono-
tonicity of G(-, -, -) is illustratedin Fig. 2 wherethe solid curves
plot G(¢, B, p) asafunctionof 1/(1 — p) for variousvaluesof 3.
Meanwhile,from Step4 of thealgorithm,we seethatwe canalso
expressPr(e') asPr(e') = H(p'), where?{(-) is amonotonically
decreasingunctionof p’. Thedashedine in Fig. 2 plots#(p) as
afunctionof 1/(1 — p).

For a given 1/¢ and 3, the sequenceof error probabilities
Pr(¢') and correlationcoeficients p' can be obtainedby start-
ing at the left end of the solid curve (correspondingo p° = 0)
andthen successiely moving horizontally to the right from the
solid curwe to the dashedine, andthenmoving dovnward from
the dashedine to the solid curve. Each“step” of the resulting
descendingstaircasecorrespondso one passof the multiuserde-
tector In Fig. 2, the sequenc®f operatingpointsis indicatedon
the solid curveswith theo symbols.

That the sequenceof error probabilities Pr(e'), Pr(e?),. ..
obtainedby the recursve algorithmis monotonicallydecreasing



suggestghat additionaliterationsalways improve performance.

The error rate performancéor a given SNR of 1/¢ anda given
3 eventually corvergesto a steady-statealue of Pr(e*°), which
is theuniquesolutionto the equation

Pr(e®) = G(¢, B, 1 (Pr(e™))), (12)

correspondingo theintersectiorof thedashedine andtheappro-
priatesolid curwein Fig. 2.

If 3 is relatively small, Fig. 2 suggestghat steady-stat@er
formanceis approximatelyachieved with comparatiely few it-
erations after which additionaliterationsprovide only negligibly
small gainsin performance. This obsenation can also be read-
ily madefrom Fig. 4, wherebit-errorrateis plottedasa function
of SNR perbit for 1, 2, 3, 5, andaninfinite numberof iterations,
with 8 = 0.77. It is significantthat,for small3, few passesirere-
quiredto convergeto typicaltarmgetbit-errorrates sincetheamount
of computatioris directly proportionako the numberof passese-
quired; we emphasizehat the compleity of a single passof the
iterated-decisiomultiuser detectoris comparableto that of the
decorrelatingletectoror thelinear MMSE multiuserdetector

As [ increasesFig. 2 shavs that the gap betweenthe solid
cure andthedashecturve decreasesThusthe “steps” of the de-
scendingstaircaseyetsmaller andthereis a significantincreasen
thenumberof iterationsrequiredto approximatelyachiere steady-
stateperformance.Moreover, the probability of error at steady-
statebecomeslightly larger.

When g is greaterthan someSNR-dependenthreshold,not
only can(12) have multiple solutions but oneof the solutionsoc-
cursat a high probability of error, asillustratedby the curve in
Fig. 2 correspondindo 8 = 4. The dependencef the threshold
onSNRis shavn in Fig. 5. As the SNRincreasesthe 3 threshold
increasesandthe curve becomesnuchsharpeiatthethreshold.

In Fig. 6, we comparethe theoreticaland simulatedbit-error
ratesof the iterated-decisiomultiuserdetectomwith the bit-error
ratesof variousother multiuserdetectorsas a function of SNR,
with 8 = 1 andpower control. Theiterated-decisiomultiuserde-
tectorsignificantlyoutperformshe otherdetectorsat moderateto
high SNR,andasymptoticallyapproachethematchedilter bound
for the single-usechannel.Thus,perfectMAI cancellations ap-
proachedat high SNR.

Next, in Fig. 7, we comparethe effect of 8 on the bit-error
ratesof the variousmultiuserdetectorasvhendecodingP = 128
simultaneousisersat an SNR per bit of 7 dB with power control.
The iterated-decisiomultiuserdetectorhasclearly superiorper
formancewheng < 2.

5. CODED AND ADAPTIVE IMPLEMENTATIONS

For codedsystemsaniterated-decisiomultiuserdecodetis read-
ily obtained(Fig. 3), andtakesa form analogougo theiterated-
decisionequalizerdecoderstructuredescribedin [2]. The data
streamse;[n], ¢ = 1,2,..., P of the P usersare encodedus-
ing separateencodersand the correspondingstreamsof coded
symbolscan be thoughtof asrows of a P x N matrix X =
[X[1]| - - - |X[IN]]. The recever obtainsa setof vectors,one for
eachsymbolperiodhaving theform

r[n] = HAn]X[n] + w[n] forn=1,2,...,N. (13)
At therecever, the @ x N matrix of thereceved vectors,R =
[r[1]] - - - |[2V]], is processedh aniterative fashion.Each@ x 1
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Fig. 2. Theoreticaliterated-decisiormultiuser detectorperfor
mance,with power control. The solid curves plot QPSKsymbol
error rate as a function of the correlationcoeficient p for vari-
ousvaluesof 8 = P/Q, with anSNRperbit of 7 dB. Along each
cune, o’sidentify thetheoreticallypredicteddecreasingrrorrates
achiedwith I = 1, 2, ... decodingpassesandtheintersections
with thedashedine arethe steady-statealues(l — o).

column of R, which represents particularsymbol period, can
be processedndependentlyto producea P x 1 column of the
matrix X! = [x'[1]|--- [X'[N]]. Eachl x N row of the matrix
X!, correspondingo the datafor a particularuser is theninput to
a soft-decisionML decoderwhich producesarow in the P x N
matrix X! = [&'[1]| - - - |%'[N]], the tentatie decisionsfor the P
users.Thesetentatve decisionsmustbe re-encodedbeforebeing

processetby the matrix D' [n].
Adaptiveimplementationsanlik ewisebedevelopedn aman-
neranalogouso thosedescribedn [2] and[1, 6].
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Fig. 3. Structureof acommunicatiorsystenmthatcombinesterated-decisiomultiuserdetectiorwith channekoding.
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Fig. 4. Theoreticaliterated-decisiormultiuser detectorperfor
mancewith pover control,asa functionof SNRperbit. Thesuc-
cessvely lower solid curves depictthe QPSK bit-error rate with
B = P/Q = 0.77 asafunctionof SNRperbit for 1, 2, 3, 5, and
oo decodingterations.
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Fig. 5. Theoreticaliterated-decisiormultiuser detectorperfor
mancewith power control, asa functionof 3 = P/Q. Thesolid
curvesdepictthe QPSKbit-errorrate asa function of g3 for vari-
ousvaluesof SNRperbit, while the correspondinglashedturves
depictthe matchedilter boundfor the single-userchannel.

10 T T
Theoretical Decorrelator
Simulated Decorrelator
. Simulated.Matched Filter Detector
10_1 Theoretical Matched Filter Detector ]

Simulated & Theoretical =
Linear MMSE MUD

Simulated Iterated -
Decision MUD ~ ~ N

10 "= R
Theoretical Iterated -~
Decision MUD A

A\

Probability of Bit Error

1074 Matched.Filter Bound, 4
Single=User Channel == =
(Perfect MAI Cancellation)

-5 I I I I

8 10

4 6
SNR/bit (dB)

Fig. 6. Theoretical(Q — o0) and experimentally obsered
(Q = 128) performancefor various multiuser detectors,with
power control. The solid curvesdepictQPSKbit-error rateswith
B = P/@Q = 1 asafunctionof SNRperbit.
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